Abstract. Let Γ ⊆ SL 2 (R) be a genus zero Fuchsian group of the first kind having ∞ as a cusp, and let E Γ 2k be the holomorphic Eisenstein series associated with Γ for the ∞ cusp that does not vanish at ∞ but vanishes at all the other cusps. In the paper "On zeros of Eisenstein series for genus zero Fuchsian groups", under assumptions on Γ, and on a certain fundamental domain F , H. Hahn proved that all but at most c(Γ, F ) (a constant) of the zeros of E Γ 2k lie on a certain subset of {z ∈ H : j Γ (z) ∈ R}. In this note, we consider a small generalization of Hahn's result on the domain locating the zeros of E Γ 2k . We can prove most of the zeros of E Γ 2k in F lie on its lower arcs under the same assumption.
Introduction
We denote by Γ a Fuchsian group of the first kind, which has ∞ as a cusp with width h. Let F be a fundamental domain of Γ contained in {z : −h/2 ℜ(z) < h/2} and A be the lower arcs of F . We then define y 0 := inf{y : ±h/2 + i y ∈ ∂F }, (1.1)
We denote by c(Γ, F ) the number of equivalence classes under the action of Γ on the set of critical points of F at which
(jΓ•zA) ′ (t) changes sign. Further details may be found in [H] . The main theorem of [H] is the following: Theorem 1.1. [H, Theorem 1 .1] Let Γ be a genus zero group that is good for the weight 2k. Suppose that F is acceptable for Γ and that j Γ has real Fourier coefficients. Then all but possibly c(Γ, F ) of the zeros of P (E Γ 2k , X) lie on [a 0 , ∞), where a 0 is as in (1.2). Moreover, if m denotes the number of distinct zeros with odd multiplicity on [a 0 , ∞), then m + c(Γ, F ) deg(P (E Γ 2k , X)). Here, "good" and "acceptable'' are defined in [H, Section 1] , and P (f, X) ∈ C[X] is the divisor polynomial of a modular form f . (see [H, Section 3] ) Now, we denote by s 1 2k (Γ) the number of cusps other than 0 and −1/2 at which E Γ 2k has odd multiplicity. Then, since E Γ 2k vanishes at all of the cusps other than ∞, we can substitute c(Γ, F ) for c(Γ, F ) − s 1 2k (Γ) in Theorem 1.1 (see Section 2). Similarly to y 0 and a 0 , we define
Then we state the following theorem: Theorem 1.2. Let Γ be a genus zero group that is good for the weight 2k. Suppose that F is acceptable for Γ and that j Γ has real Fourier coefficients. Then all but at most 2(c(Γ,
For the examples of [H, Section 2] , if Γ = SL 2 (Z), then c(Γ, F ) − s 1 2k (Γ) = 0, and so we have proved that all of the zeros of E Γ 2k in F lie on its lower arcs for this cases. On the other hand, if Γ = Γ 0 (3), then c(Γ, F ) − s 1 2k (Γ) = 1, and so we have proved that all but at most two of the zeros of E Γ 2k in F lie on its lower arcs.
2. An expansion on the number c(Γ, F ) Let the group Γ has an acceptable fundamental domain. Note that, other than ∞, 0, and −1/2, all of the cusps are critical points at which 
Then, similarly to the proof of Theorem 1.1 (cf. [H, Proof of Theorem 1.1, Section 4]),
, Q 1 (j Γ )Υ = 0, and so satisfy the assumption of Proposition 4.1 of [H] . Then, we assume m + c(Γ,
However, this contradicts relation (2.2) since
We can thus state the following theorem in place of Theorem 1.1:
′ Let Γ be a genus zero group that is good for the weight 2k. Suppose that F is acceptable for Γ and that j Γ has real Fourier coefficients. Then all but possibly c(Γ,
if m denotes the number of distinct zeros with odd multiplicity on
[a 0 , ∞), then m + c(Γ, F ) − s 1 2k (Γ) deg(P (E Γ 2k , X)).
Proof of Theorem 1.2
Now, we state the following theorem:
Theorem 3.1. Let Γ be a genus zero group that is good for the weight 2k. Suppose that F is acceptable for Γ and that j Γ has real Fourier coefficients. Then all but at most c(Γ, F ) − s 1 2k (Γ) of the zeros of P (E Γ 2k , X) lie on (−∞, a 1 ]. Moreover, if m denotes the number of distinct zeros with odd multiplicity on
Then, by Theorem 1.1 ′ and Theorem 3.1, Theorem 1.2 follows. The proof of Theorem 3.1 is similar to that of Theorem 1.1, thus we will give only the outline of the proof:
Outline Proof of Theorem 3.1. We write A = (2), (3), and (5) and
}, which is also traversed from ∞ to z, and let
be the path integral where ℑ(s) = t. Then, we obtain the following result: (cf. [H, Proposition 4 .1])
Proposition 
where z := x + i y, and the A i are smooth paths traversed in an anti-clockwise direction.
The proof of the above proposition is similar to that of Proposition 4.1 of [H] . Note that both γ i and γ − i are paths traversed from ∞ to z.
Let a − 1 , . . . , a − m ′ be the zeros of P (E Γ 2k , X) on (−∞, a 1 ] excluding images of cusps by j Γ that have odd multiplicity, and let
We have E Γ 2k , Q − 1 (j Γ )Υ = 0, and by Proposition 3.1,
APPENDICES.
In Appendix A, we demonstrate another proof of Theorem 3.1 using conjugate groups. In Appendix B, we observe the location of the zeros of the Eisenstein series for some good groups with no acceptable fundamental domain. . For example, when Γ = Γ 0 (2), then we have Γ ′ = Γ * 0 (4). We can easily show that the map
is an isomorphism. Furthermore, we have
(Γ) has a Fourier expansion at infinity given by
then since q h | z=z+h/2 = −q h we have
Remark A.1. For the weight 2k, if the group Γ is good, then the group
h/2 Γ T h/2 is also good. We also have s 
is a canonical hauptmodul for Γ ′ . Let F be a fundamental domain for Γ contained in {z : −h/2 ℜ(z) < h/2}, and write
By the correspondence
is a fundamental domain for Γ ′ , and we denote by A ′ the lower arcs of F ′ . By the above correspondence, we have the following fact.
Remark A.2. If a fundamental domain F for Γ is acceptable, then the domain F ′ in the above definition is an acceptable fundamental domain for Γ ′ . Furthermore, we have c(Γ,
Similarly to Theorem 1.1 ′ , we can show the following proposition:
Proposition A.1. For the group Γ ′ and the domain F ′ in the above definitions, all but at most c(Γ
. Moreover, if m denotes the number of distinct zeros with odd multiplicity on
, X)). By relations (A.1) and (A.2), we have
, X)). Thus, the above proposition is equivalent to Theorem 3.1.
Appendix B. On zeros of Eisenstein series for some good groups with no acceptable fundamental domain
Let Γ be a Fuchsian group of the first kind with ∞ as a cusp. If Γ does not have any acceptable fundamental domain, then the zeros of E Γ 2k do not always lie on {z ∈ H : j Γ (z) ∈ R}. In this section, we consider the normalizers of the congruence subgroup Γ 0 (N ). (see [CN] and [S] ) For the levels N 12, the normalizers with no acceptable fundamental domain are the following: Γ 0 (5), Γ 0 (6) + 2, Γ 0 (7), Γ 0 (9), Γ 0 (10) + 2, Γ 0 (10), Γ * 0 (11), and Γ 0 (12) + 3. For Γ 0 (5), Γ 0 (6) + 2, Γ 0 (7), Γ 0 (10) + 2, Γ 0 (10), and Γ * 0 (11), we can observe from numerical calculations that many of the zeros of the Eisenstein series for the ∞ cusp do not lie on the lower arcs of their fundamental domains. However, when the weight of Eisenstein series increases, then the location of the zeros seems to approach these lower arcs.
In Figure 1 , we show graphs for Γ 0 (6) + 2 = Γ 0 (6) ∪ W 6,2 Γ 0 (6), where W 6,2 :=
. We denote by F 6+2 its fundamental domain, by A 6+2 its lower arcs, and by j 6+2 its hauptmodul.
On the other hand, Γ 0 (9) and Γ 0 (12) + 3 appear to be the special cases. For Γ 0 (9), we have
(3z).
Since by Theorem 1.2 all of the zeros of E
Γ0(3) 2k
in its fundamental domain lie on its lower arcs, all of the zeros of E Γ0(9) 2k in its fundamental domain (see Figure 2 ) lie on its lower arcs. We denote the fundamental domain of E Γ0(9) 2k by F 9 , its lower arcs by A 9 , and its hauptmodul by j 9 . For Γ 0 (12) + 3, we have E Γ0(12)+3 2k (z) = E Γ0(6)+3 2k (2z). Thus, we can prove by Theorem 1.2 that all but four of the zeros of E Γ0(12)+3 2k in its fundamental domain lie on its lower arcs. However, both Γ 0 (9) and Γ 0 (12) + 3 do not have any acceptable fundamental domains. 
